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2exp( 2ikL) = 1. Finally, the oset  can be set to zero,
and Eqs. (4)-(5) can be combined yielding one equation









E(t   2T ) exp[ 2ikÆL(t)]: (6)
Here ÆL(t) is the variation in the cavity length \seen" by
the light circulating in the cavity,
ÆL(t) = x
b
(t  T )   x
a
(t): (7)
Note that the time delay appears in the coordinate of
the end mirror, but not the front mirror. This is simply
a consequence of our placement of the laser source; the
light that enters the cavity reects from the end mirror
rst and then the front mirror. For ÆL = 0, Laplace



















where tildes denote Laplace transforms.
The static solution of Eq. (6) is found by considering a
cavity with xed length (ÆL = const) and an input laser
eld with xed amplitude and frequency (A; Æ! = const).

























exp[ 2i(T Æ! + k ÆL)]
: (11)
The cavity eld is maximized when the length and the







This is the well-known static resonance condition. The











Light can also resonate in a Fabry-Perot cavity when
its length and the laser frequency are changing. For a
xed amplitude and variable phase, the input laser eld
can be written as
E
in
(t) = A e
i(t)
; (14)


















E is given by Eq. (13) and the phase
satises the condition
(t)   (t  2T ) =  2k ÆL(t): (17)
Thus resonance occurs when the phase of the input laser
eld is corrected to compensate for the changes in the
cavity length due to the mirror motions. The associated
laser frequency correction is equal to the Doppler shift
caused by reection from the moving mirrors




where v(t) is the relative mirror velocity (v = dÆL=dt).










where C(s) is the normalized frequency-to-length trans-






Eq. (19) is the condition for dynamic resonance. It must
be satised in order for light to resonate in the cavity
when the cavity length and the laser frequency are chang-
ing.
The transfer function C(s) has zeros at multiples of






















which is useful for control system design[18].
To maintain resonance, changes in the cavity length
must be compensated by changes in the laser frequency
according to Eq. (19). If the frequency of such changes is
much less than the cavity free spectral range, C(s)  1









At frequencies above the cavity free spectral range,
C(s) / 1=s and increasingly larger laser frequency
changes are required to compensate for cavity length vari-
ations. Moreover, at multiples of the FSR, C(s) = 0 and
no frequency-to-length compensation is possible.





















FIG. 2: Bode plot of H
L
(i
) for the LIGO 4-km Fabry-Perot
cavities. The peaks occur at multiples of the FSR (37:5 kHz)
and their half-width (91 Hz) is equal to the inverse of the
cavity storage time.
In practice, Fabry-Perot cavities always deviate from
resonance, and a negative-feedback control system is em-
ployed to reduce the deviations. For small deviations








E is the maximum eld given by Eq.(13), and
ÆE is a small perturbation (jÆEj  j

Ej). Substituting
this equation into Eq. (6), we see that the perturbation











E [(t)   (t  2T ) + 2k ÆL(t)] : (25)

























Deviations of the cavity eld from its maximum value
can be measured by the Pound-Drever-Hall (PDH) er-
ror signal which is widely utilized for feedback control of
Fabry-Perot cavities [15]. The PDH signal is obtained
by coherent detection of phase-modulated light reected
by the cavity. With the appropriate choice of the de-
modulation phase, the PDH signal is proportional to the
imaginary part of the cavity eld (Eq. (26)) and therefore
can be written as
Æ
~











where H(s) is given by Eq. (8). In the presence of length
and frequency variations, feedback control will drive the





















FIG. 3: Bode plot of H
!
(i
). The sharp features are due to
the zero-pole pairs at multiples of the FSR.
error signal toward the null point, Æ
~
V = 0, thus main-
taining dynamic resonance according to Eq. (19).
The response of the PDH signal to either length or laser
frequency deviations can be found from Eq. (27). The


















A Bode plot (magnitude and phase) of H
L
is shown in
Fig. 2 for the LIGO [2] Fabry-Perot cavities with L = 4
km, r
a
= 0:985, and r
b













is the square-root of the well-known Airy function with











tics, the Airy function describes the intensity prole of a
Fabry-Perot cavity [16].)
The transfer function H
L



































which can be truncated to a nite number of terms for
use in control system design.
4The response of a Fabry-Perot cavity to laser frequency
variations is very dierent from its response to length
variations. The normalized frequency-to-signal transfer



























A Bode plot of H
!
, calculated for the same parameters
as for H
L
, is shown in Fig. 3. The transfer function
H
!
has zeros given by Eq. (21) with n 6= 0, and poles
given by Eq. (30). The poles and zeros come in pairs
except for the lowest order pole, p
0
, which does not have
a matching zero. Therefore, H
!




















where the prime indicates that n = 0 term is omitted
from the product.
The zeros in the transfer function indicate that the
cavity does not respond (ÆE = 0) to laser frequency de-
viations if these deviations occur at multiples of the cav-
ity FSR. In this case, the amplitude of the circulating
eld is constant while the phase of the circulating eld is
changing with the phase of the input laser eld.
In summary, we have shown that resonance can be
maintained in a Fabry-Perot cavity even when the cav-
ity length and laser frequency are changing. In this dy-
namic resonance state, changes in the laser frequency
and changes in the cavity length play very dierent roles
(Eq. (19)) in contrast to the quasi-static resonance state
where they appear equally (Eq. (23)). Maintenance of
dynamic resonance requires that the frequency-to-length
transfer function, C(s), be taken into account when com-
pensating for length variations by frequency changes and
vice versa. Compensation for length variations by fre-
quency changes becomes increasingly more diÆcult at
frequencies above the FSR, and impossible at multiples
of the FSR.
As can be seen in Fig. 3, the response of the PDH error





and becomes strongly suppressed at frequencies
equal to multiples of the cavity FSR. In contrast, the
response to length variations is a periodic function of










then returns to its maximumvalue. Thus, at multiples of
the FSR, the sensitivity to length variations is maximum
while the sensitivity to frequency variations is minimum.
Both these features suggest searches for gravitational
waves at frequencies near multiples of the FSR. However,
because gravitational waves interact with the light as well
as the mirrors, the response of an optimally-oriented in-
terferometer is equivalent to H
!
(s) and not to H
L
(s)
[5]. Thus, an optimally-oriented interferometer does not
respond to gravitational wave at multiples of the FSR.
However, for other orientations gravitational waves can
be detected with enhanced sensitivity at multiples of the
cavity FSR [17].
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